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[1] Topological aspects of Aubry-André-Harper model in the presence of spin-orbit  
interaction: 
 
Topological insulators have a bulk band gap l ike an ordinary insulator but have gapless 
conduct ing edges or surface states such that the electrons can propagate only along the 
edge or surface of the material . These states are topologically protected against local 
perturbat ions such as surface roughness or impurity scatter ing. This makes it a promising 
candidate for quantum computing or ultra- low power consumption electronic devices. The 
bulk gaps of the topological insulators are characterized by a global order parameter,  
called topological invariant. These topological invar iants are integers, and cannot be 
smoothly deformed, within the same symmetry class of the Hamiltonian, to another phase 
with a dif ferent value of the topological invariant. Therefore, topological phase transit ions 
are always accompanied by the closing and reopening of the bulk  energy gap. These 
phases are classif ied by their symmetries such as t ime-reversal, part icle- hole, chiral 
symmetry and so on.  
  
The Aubry-André-Harper (AAH) 
model with incommensurate on-site 
modulat ions, has been extensively 
studied for its metal to insulator 
transit ion due to i ts self-dual nature. 
On the other hand, this model shows 
topological behavior. For example, 
1D diagonal AAH model can be 
exactly mapped to the 2D Hofstadter model, i .e.,  2D electron systems on square lat t ice 
under a magnetic f ield.  It exhibits topological boundary states enabled by their nontr ivial  
topology in virtual dimensions and this makes it possible to study higher dimensional 
topological properties considering lower dimensional AAH systems. The non-zero 
topological edge modes of 1D diagonal AAH model are characterized by f irst Chern 
number. For off-diagonal chiral symmetry protected AAH system, the zero-energy edges 
appear in the energy bands, which are characterized by another topological invar iant,  the 
winding number. In 2D AAH model, the zero-energy state is protected by a quantized 
quadrupole moment and the nonzero-energy corner local ized states is protected by the 
second Chern number. Here we study the effect of spin-orbit  coupling (SOC) on the 
topological states of one and higher dimensional AAH quasi-per iodic systems. 
 
AAH system has cosine term in the form cos [2πnb+φ] in on-site energy term, or in 

hopping, or in both as shown 
in Fig.1. where (a) and (b) 
represent off-diagonal and 
diagonal AAH systems, 
respectively.  n is the site-
index. AAH-phase φ  acts as 
the momentum in another 
spatial dimension. Recent 

experiments have real ized 
the quasiperiodic 1D and 
2D AAH model in optical 

lat t ices and observed the signature of a local izat ion transit ion in agreement with theory. 
 
The topological phases appear depending on the choice of b(=1/q). For example, for 1D 

Figure 2:  Energy spect ra wi th AAH-phase (vi r tual  momentum) for 1D 
AAH systems. 

 

F igure 1:1D AAH System wi th modulat ion in ons i te-
potent ia l  and hopping integral  
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diagonal case, topological non-zero edge states appear when q is greater than 2. On the 
other hand, for an off-diagonal zero-zero energy appear for q greater than 1 as shown by 
red color in Fig.2 where we choose a 100-site chain with q=4. By examining the wave 
functions associated with these non-zero and zero-energy band crossing states, we f ind 
that they are actual ly boundary states local ized around the two edges of the system. 
These are the topological edge modes. For an odd number of si tes off-diagonal system, 
there exists a s ingle zero energy mode, which is always local ized on either one of the 
edges except for the Dirac points.  This is an even-odd effect due to the chiral symmetry 
in the off-diagonal AAH model.  
 
The electron localization properties in a low-dimensional conductor can be s ignif icantly 
modif ied with spin–orbit interact ion (SOI). We consider Rashba spin-orbit coupl ing in the 
system. It appears as a result of  a local symmetry breaking in the crystal potential  in the 
perpendicular direct ion of the plane where the electrons are conf ined. The asymmetrical 
potent ial produces the precession of electron spins, which is  responsible for spin-f l ip 
scattering between neighboring s ites in the system which eventual ly gives r ise to a spin-
polarized current. Consideration of the SOI can be useful in spintronics, e.g., as spin–
orbit qubits, spin pumps, or basic elements of spin transistors. The spin-orbit coupling 
strength can be experimental ly tuned by external gates and can lead to oscil latory 
behavior of the bal l ist ic spin conductance. 
 
We focus on the topological propert ies of 1D, 2D, and 3D AAH systems considering the 
spin-orbit scatter ing. In an 1D system, the with the SOI, the zero-energy, edge modes 
disappear. The corresponding wave function is now spreaded through-over the crystal.  
The non-zero edge modes are found to 
be very robust against SOI, although the 
energies are shif ted away from their  
init ial  values.  
 
We further consider 3D systems. We 
mainly concentrate on two system sizes 
viz. , 7×7×7 (odd) and 8×8×8 (even).  
Highly degenerate zero-energy-modes 
(ZEM) appear for odd and even cases 
without spin-orbit  interaction (SOI).  The 
corresponding wave-functions are 
distr ibuted over the whole system. With 
the introduction of SOI, the number of 
degeneracies of the zero-energy-modes reduce to two for odd number of system sizes 
and to zero for even number of cubic system sizes and this remains unchanged in the 
presence of AAH modulat ion. The distr ibut ion of amplitudes of the ZEM wave-functions 
for a 7×7×7 crystal in the presence of SOI is shown in Fig. 3(a). The maximum 
localizations occur through the central l ine paral lel to the Z-axis for up and down spins 
in similar as shown in Fig.3(b) .  As the Rashba spin-orbit interact ion is  a two-dimensional 
phenomenon, we consider i t in the XY- planes. Each plane parallel to the XY, have 
ident ical SOI variation. As in this case the local izat ion appears parallel to Z-axis,  
therefore if  we consider SOI in other planes, viz.,  YZ or ZX, the corresponding 
localizations wil l appear to the central l ine paral lel to the X and Y, respectively.  W ith SOI, 
corner, surface, and hinge modes appear. Below we summarize the results.  
 

•  AAH off -diagonal modulation only along the X direction in 3D crystal :  

F igure 3:  (a) Wave-funct ion ampl i tudes over a perfect 
crystal  where the blue color represents  maximum 
probabi l i ty ampl i tude and l ightest  Color represents the 
minima.  (b) The central  region of  paral le l  to (a).   
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(a) Highly degenerate f lat  bands appear for odd system size throughout the AAH - 

phase window without SOI along with two Dirac points at AAH-phase 𝜑𝜑x = 𝜋𝜋/2 and 
3𝜋𝜋/2.  

(b) With SOI the degeneracies are reduced to two for al l 𝜑𝜑x.   
(c) For even system size, zero-energy modes appear only at 𝜑𝜑x = 𝜋𝜋/2 and 3𝜋𝜋 /2 without 

SOI, which are topologically tr ivial.  Therefore SOI, there are no zero-energy modes 
appear with even number of system size. 

 
•  AAH off -diagonal modulation along two directions in 3D crystal :  

( a )  T h e  d e g e n e r a c i e s  o f  t h e  z e r o - e n e r g y  m o d e s  r e m a i n  s a m e  a s  p r e v i o u s  
c a s e .  

(b) For odd system size, localized edges appear without SOI. W ith SOI, similar to the 
previous case, there are two energy levels in the f lat band. The local izat ion occurs 
at the one edge of the system which is paral lel to the Z-axis for these zero-energy 
wave-functions except 𝜑𝜑x = 𝜋𝜋/2 and 3𝜋𝜋/2.  As in this case we get a localized edge 
parallel  to Z-axis,  therefore if  we consider SOI in other planes, viz., in YZ the 
localization wil l occur to the edge parallel to X-axis. So, changing the direct ion of 
the SOI, we can manipulate the localization directions in edges. 

(c) For even system size the results are s imilar to the previous case. 

We shall further extend our studies by considering 2D AAH system to study second order 

topological insulator and character ize the edge and corner modes in the presence of spin-

orbit interact ion for var ious AAH systems, i.e.,  the commensurate, incommensurate cases 

with odd and even system sizes. 

 
[2] Effect of Spin-orbit interaction on circular spin currents: 
 
While most of the studies involving 
transport propert ies of an quantum 
conduct ion junct ions have focused on 
the overal l  conduct ion properties of 
the junction geometry and electronic 
structure, some attention has been 
given to current distr ibution within the 
junction. W hen the br idging conductor 
contains a loop structure, there is  a 
possibi l ity to induce c ircular currents. 
The circular currents in quantum loops have been discussed in several dif ferent context. 
In the ear ly 80’s Butt iker et al. [1]  f irst proposed theoret ically that a small conduct ing r ing 
carries a net c irculating charge current in presence of magnetic f ield. Using phase locked 
infra-red laser pulses Pershin and Piermarocchi [2]  have shown that circular current can 
be establ ished in an isolated quantum ring. Several theoretical works have indicated the 
possibi l ity to excite such currents by using external radiat ion [3],  shaped photon pulses 
[4,5], circularly polarized l ight, and twisted l ight. Loop currents can be also induced in 
r ings driven by an external voltage and/or temperature bias. For example, S. Nakanishi 
and M. Tsukada [6]   have predicted the existence of a quantum internal current through 
the C60 molecular br idge. Large loop currents circulating around the zigzag and chiral 

Figure 4:  Schemat ic-representat ion of the Tight-
Binding quantum r ing, at tached wi th two semi- inf in i te 
elect rodes,  namely source and drain.  
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carbon nanotubes has been observed by N. Tsuj i et.al.  [7]. Theses c ircular currents due 
to dif ferent dr iving forces are c losely related in nature. 
 
The regulat ion of the bias- induced c ircular current is  much easier specially than the 
persistent current due to magnetic f ield as conf ining magnetic f ield in a nano-ring is a 
chal lenging issue. Though the idea of bias-induced circular current is so far l imited to 
theoret ical computat ions, the results involve var ious important factors in the context of  
quantum transport, such as it gives the measurement of current through the individual 
section of a complicated quantum loop system consist of  multiple pathways. Depending 
on the voltage bias, the circular current may rise to a very high value compared to the 
transport current in the outgoing leads (∼  103 t imes). This circular current induces a large 
magnetic f ield ( in some cases it may even reach to few mill i tes la or even tesla)  at the 
center of the r ing, which very important in the context of local spin regulat ion and several 
other electronic and spintronic applications l ike storage of data, logic functions, spin 
switching, spin-select ive electron transmission, spin-based quantum computations, etc.  
 
In one of our recent work, we have calculated the spin circular current,  where the spin 
components have been def ined by the conservat ion law between the bond currents and 
transport currents in a one-dimensional quantum chain. With this formulat ion, here we 
make an in-depth analysis of the effect of Rashba spin-orbit interaction on circular 
current.  W e choose Rashba spin-orbit coupling, so that we can manipulate the current 
external ly by tuning the Rashba SO. As we only concentrate on c ircular current ( i.e., not 
transport current), we call  it  only ‘current’  for the sack of simplicity.  
 
Based on a t ight-binding (TB) framework we compute circular current using waveguide 
formalism. With this approach, one can f ind current carried by each section of the r ing. 
We have examined the character istic features of current densit ies, branch currents, total 
circular currents. Circular current may decrease with voltage (showing negat ive 
dif ferential resistance, NMR) contrary to the transport current which increases with 
voltage.  
 

We come across several symmetry relations between the dif ferent spin components of  
the current. In Fig.5 we plot the up and down spin current densit ies with energy. Here we 
consider a 10-s ite r ing, connected to the electrodes in two dif ferent conf igurations. In 
each of these cases, there is a total of  10 peaks and dips for J↑  as well as for J↓  at  
dif ferent energies correspond to the energy eigenvalues of the system. Careful 
observat ion reveals that the up (or down) current density at posit ive energy is exactly 
equal to the down (or up) current density at negat ive energy or vice-versa, i.e.,   J↑(E) = 
J↓(−E)  and J↓(E) = J↑(-E). W hereas for symmetric bias (Fig.5 (a)), we f ind another equal ity 

Figure 5:  Current  dens i t ies wi th energy for symmetr ic (a) and most  asymmetr ic  (b) conf igurat ions. 
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relation as: J↑(E) = -J↑  (−E)  and J↓(E) = -J↓  (-E). These relations eventually lead to the 
conclusion that under symmetric bias i.e., when the leads are connected to the r ing 
symmetrically, the charge current (which is the integration of the sum of J↑  and J↓  over 
energy) is always zero, but the spin current ( that is the integrat ion of the (J↑  -  J↓) over 
energy) is non-zero. So a pure spin current is  generated which means the transfer of spin 
angular momentum without any charge transport. This is very important as the energy 
dissipat ion due to Joule heat ing, the major source of power dissipation in conventional 
electronics can be completely suppressed in this case. In an asymmetric junct ion, if  we 
set the Fermi energy at zero, the spin current vanishes, result ing in a pure charge current.  
We f ind that spin current is robust against dif ferent asymmetric r ing-to- lead 
conf igurations, unl ike the charge current. For the generation of spin-based quantum 
computers, proper spin regulation is highly important. Tunning the strength of SOI, we 
propose a suitable way to control the current external ly.  
 
Rectif ication is one of the fundamental operat ions in electronic circuits. But we are only 
familiar with transport current rectif icat ion, where the current is always posit ive in posit ive 
bias and opposite in negat ive bias. Therefore, it  wi l l be interesting to study the 
rectif icat ion in c ircular current as i t may has any s ign in both the bias condit ions as the 
sign of the current depends on the direct ion of its circular motion. This is our future plan 
in this direction. 
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